Abstract. We establish a necessary and sufficient condition so that positive radial solutions to
Introduction
Let φ : R → R be an increasing odd homeomorphism from R onto itself and let A : R \ {0} → R be defined by A(s) = φ(s) s . In this paper we study the behavior of positive radial solutions in a neighborhood of zero for the strongly nonlinear problem In case that f (u) = |u| δ−1 u, the behavior of positive solutions to (D H ) near zero is well known; see [2] , [4] . In case (i), we say the singular solution is of fundamental type. Clearly from (i) and (ii), a positive radial singular solution u of (D H ) (with f a power) satisfies: 
with f (u) = |u| δ−1 u. In this direction, and for the case m = 2, we refer to Remark 2 in [3] .
In [1] the study of the behavior and existence of singular solutions for problem (P ) was initiated. Following [1] , solutions to
are called fundamental solutions to (P ). By direct integration they have the form
with C > 0. Since we are interested in singular solutions we assume as in [1] that
hC (r) > 0, we will say that u is of fundamental type. Let us set
log(x) and δ = lim sup
Under the assumptions (1.4) and
with f ultimately increasing, we proved in [1] (see Theorem 3.2) that any positive singular solution to (P ) is of fundamental type. Further, (1.5) implies that
but not conversely.
All these facts together motivated the following question: Does a result like (1.2) hold for problem (P ) within the generality of [1] ? In this paper, by imposing suitable conditions on φ and f, we give a positive answer to this question (see Theorem 2.1 below). As a consequence of this result, in the last section of this paper we will give an example for which all the conditions of Theorem 3.2 in [1] are satisfied except the last inequality in (1.5) which we replace by an equality. Clearly then we cannot use Theorem 3.2 to classify singular solutions. Nevertheless we will see that Theorem 2.1 can be used to obtain this classification. Now we introduce some notation. Throughout the paper we will set
Furthermore we will assume
In the next section we state and prove our main result. The proof of it is based on the use of appropriate supersolutions.
Main result
In this section we will prove our following main result which gives a characterization of positive singular solutions to (P ) of fundamental type. Theorem 2.1. Let φ be an odd increasing homeomorphism from R onto itself satisfying (1.4), and let f ∈ C(R + ) be an ultimately increasing function. Assume that φ and f satisfy (H) and the superlinearity type of condition
Let u be a positive singular solution to (P ). Then the following statements are equivalent: 
We note that in this definition w need not be defined at 0.
For an example of a supersolution let us consider the case where φ(s) = s and
is a supersolution to the corresponding problem (P ). Indeed, in this case
Our next lemma is a key tool in proving our main result.
Lemma 2.4. Let φ be an odd increasing homeomorphism of R onto R and let f ∈ C(R + , R + ) be ultimately increasing. Suppose that φ and f satisfy (H) and (2.1) and assume that there exists a supersolution w to (P ). Then any nonnegative solution u to (P ) satisfying
is a regular solution to (P ).
Proof. Let u, w satisfy the hypotheses of the lemma, and assume by contradiction that u is not bounded. Then the second assertion in (2.4) implies that w is not bounded. We will next fix some constants that will be used throughout the proof. Let µ > 0 be such that
By the definition of δ F and p Φ , there exists x 1 (µ) = x 1 > 0 such that
for all x ≥ x 1 , and thus, using the identity xφ(x) = Φ(x) + Φ * (φ(x)), we find that for x ≥ φ(x 1 )
Hence, if x 0 = max{x 1 , φ(x 1 )}, then the functions
Similarly, by the ultimate monotonicity of f , we have that F (2x) ≥ xf (x) for all x sufficiently large. Hence, combining with (2.5), we obtain that . For later use, we also set
and we note that from (2.1), q > 1. From the first inequality in (2.6) we observe that
for all x, y > 0 such that 2x ≤ y. We will assume that x 0 is such that f is increasing for x ≥ x 0 . By using that q > 1, the unboundedness of u and w near zero, and the second assertion in (2.4), we can now choose ε 1 ∈ (0, 1/4), b ∈ (0, 1/4) and r * > 0 such that
and set c := bw(r * ). Then, since ε 1 and b are less than 1/4, and using that w is nonincreasing, we get that for all s ∈ (0, r * ),
and thus, from the second inequality in (2.6) with x = ε 1 w(s) + c and y = w(s), it holds that
for all s ∈ (0, r * ). By integrating the equation in (P ) over (0, r), r ≤ r * , using the first assertion in (2.4), (2.13), and the fact that f is increasing for x ≥ x 0 , we obtain that
Then, again using that w is nonincreasing, we have that c w(s) ≤ c w(r) for all 0 < s ≤ r ≤ r * . Thus, since w is a supersolution to (P ), we find that
Hence, we have that
for all r ∈ (0, r * ). Now, using that B < 1 and (2.12), we may apply (2.8) with 
where q is as defined in (2.7). Moreover, from the convexity of the function t q , q > 1, and the definition of C in (2.7), we also get
Integrating this inequality over (r, r * ) and using that |w (s)| = −w (s), we obtain
and thus taking into account that q > 1, we have
Now, from the definition of c = bw(r * ) and the above bound for u, we get from (2.9) and (2.10)
Hence, we conclude that
where ε 2 = Cε q 1 . Repeating this process n times, we find that u(r) ≤ ε n w(r) + c, for all r ∈ (0, r * ), (2.17) where the sequence {ε n } is recursively defined by
it follows that the sequence {ε n } tends to 0 as n tends to infinity, leading in this way to the contradiction that u is bounded.
Remark 2.5. We note that the result is the same if instead of assuming that f is ultimately increasing, we assume that f satisfies the additional condition lim sup
Indeed, in this case it can be shown that given µ > 0 there exist x 0 and a positive constant d such that
and hence the same argument is valid by a suitable modification of the constants involved.
We are now in position to prove Theorem 2.1.
Proof. Let the assumptions of Theorem 2.1 hold and let u be a positive singular solution to (P ). Hence, by taking C =C in (2.19), and using that u is singular we obtain that x 0 ≤ 2u(r) ≤ hC (r) for all r small. Thus by the second inequality in (2.6), it holds that Next let us show that w is a supersolution to (P ). Indeed, a direct computation shows that
and since by our assumption (ii) we have
for r small, from the definition of w we conclude that hC (r) ≥ w(r) for r small enough. Hence, we obtain that w satisfies (2.2) for r 0 small enough. Also, since w is a positive decreasing function, we have that (2.3) holds and thus w is a supersolution to (P ). Thus, by (2.22), we conclude from Lemma 2.4 that u is regular, which is a contradiction.
An example
Let us consider problem (P ), where the homeomorphism φ is implicitly given by φ −1 (x) = x for some positive constant C and thus our Theorem 2.1 applies. We conclude from it that for φ and f as above, any positive singular solution to
is of fundamental type.
